In this paper we study a sequence involving the prime numbers by deriving two asymptotic formulas and finding new upper and lower bounds, which improve the currently known estimates.
Introduction
In this paper, we study the difference C n = np n − k≤n p k (see also [5] ), where p n is the nth prime number, by proving two asymptotic formulas and finding lower and upper bounds for C n .
Two asymptotic formulas for C n
Let m ∈ N. By [3] , there exist unique a is ∈ Q, where a ss = 1 for all 1 ≤ s ≤ m, such that p n = n log n + log log n − 1 + a is (log log n)
where c m (n) = n(log log n) m+1 log m+1 n .
We set h m (n) = m j=1 (j − 1)! 2 j log j n .
Further, we recall the following definition from [2] . Definition. Let s, i, j, r ∈ N 0 with j ≥ r. We define the integers b s,i,j,r ∈ Z as follows:
• If j = r = 0, then b s,i,0,0 = 1.
• If j ≥ 1, then b s,i,j,j = b s,i,j−1,j−1 · (−i + j − 1).
•
• If j > r ≥ 1, then
Using (1) and Theorem 2.5 of [2], we obtain the first asymptotic formula for C n .
Proof. First, we multiply the asymptotic formula (1) with n. Then, we subtract the asymptotic formula for k≤n p k from [2, Theorem 2.5] to obtain our proposition.
Corollary 2.2. Let m ∈ N. Then there are unique monic polynomials U s ∈ Q[x], where 1 ≤ s ≤ m and deg(U s ) = s, such that
In particular, we have U 1 (x) = x − 3/2 and U 2 (x) = x 2 − 5x + 15/2.
Proof. Since a ss = 1 and b s,s,0,0 = 1, the first claim follows from Theorem 2.1. Now let m = 2. By [3] , we have a 01 = −2, a 11 = 1, a 02 = 11, a 12 = −6 and a 22 = 1. Further, we use the formulas (2)- (5) to compute the integers b s,i,j,r . Then, using Theorem 2.1, we obtain the polynomials U 1 and U 2 .
To find another asymptotic formula for C n , we obtain the following identity, which leads to a possibility to estimate C n by using estimates for π(x).
Lemma 2.3. For all n ∈ N,
Proof. See [4] . Now we give certain rules of integration.
Lemma 2. 4 . Let x, a ∈ R with x ≥ a > 1. Then,
Proof. See [4, Lemme 1.6].
Lemma 2.5. Let x, a ∈ R with x ≥ a > 1. Then,
Lemma 2.6. Let r, s ∈ R with s ≥ r > 1 and n ∈ N. Then,
Proof. Integration by parts.
Lemma 2.7. Let r, s ∈ R with s ≥ r > 1. Then, for all m ∈ N with m ≥ 2 we have
Proof. By induction on m.
The next proposition plays an important role for the proof of the second asymptotic formula for C n .
Proposition 2.8. Let m ∈ N with m ≥ 2. Let a 2 , . . . , a m ∈ R and r, s ∈ R with s ≥ r > 1. Then,
where
Proof. If m = 2, the claim is obviously true. By induction hypothesis, we have
By Lemma 2.6, we get
Now we can use Lemma 2.7 and the equality t m−1,1 + 2
Since we have
and t m,m = a m+1 (m − 1)!/(m!), our proposition is proved. Now we give another asymptotic formula for C n .
Theorem 2.9. Let m ∈ N. Then,
Proof. First we recall a well-known asymptotic formula for the prime counting function π(x); i.e.
Using (8) and Lemma 2.3, we get
Integration by parts gives
We can apply Proposition 2.8 to get
Using Lemma 2.4 and Lemma 2.5, we get
Now we use the asymptotic formula
which can be showed by integration by parts, to obtain the equality
and our theorem is proved.
Using (8), we get the following corollary.
Corollary 2.10. Let m ∈ N. Then,
Proof. From Theorem 2.9 and the definition of C n it follows that
Since n = π(p n ), we obtain
Using (8), we get the equality
and the corollary is proved.
Comparing (8) and (9), we see that π(x) and li(x) have the same asymptotic formaula. Hence, using Corollary 2.10, we also get the following result on the sum of the first n prime numbers.
Corollary 2.11. Let m ∈ N. Then,
A lower bound for C n
Let m ∈ N with m ≥ 2 and let a 2 , . . . , a m , x 0 , y 0 ∈ R, so that
for every x ≥ x 0 and
for every x ≥ y 0 . Then, we obtain the following lower bound for C n .
where t i,j is defined as in (6) and d 0 is given by
Proof. Since p n ≥ x 0 , we use Lemma 2.3 and (10) to obtain
Now, we apply Lemma 2.4 and Proposition 2.8 to get
Using Lemma 2.5, we obtain
Since p 2 n ≥ y 0 , we use (11) to conclude
and it remains to use the definition of t ij .
4 An upper bound for C n Next, we derive for the first time an upper bound for C n . Let m ∈ N with m ≥ 2 and let a 2 , . . . , a m , x 1 ∈ R so that
for every x ≥ x 1 and let λ, y 1 ∈ R so that
for every x ≥ y 1 . Setting
where t m−1,k is defined by (6), we obtain the following
Proof. Since p n ≥ x 1 , we use Lemma 2.3 and (12) to get
We apply Lemma 2.4 and Proposition 2.8 to obtain Proof. We denote the right hand side by α(x). Let f (x) = li(x) − α(x). Then, f (4171) ≥ 0.00019 and f ′ (x) = 40320/ log 9 x, and our lemma is proved. 
